We propose a new definition of a fractional-order Sumudu transform for fractional differentiable functions. In the development of the definition we use fractional analysis based on the modified Riemann-Liouville derivative that we name the fractional Sumudu transform. We also established a relationship between fractional Laplace and Sumudu duality with complex inversion formula for fractional Sumudu transform and apply new definition to solve fractional differential equations.
Introduction
In the literature there are numerous integral transforms that are widely used in physics, astronomy, as well as engineering. In order to solve the differential equations, the integral transforms were extensively used and thus there are several works on the theory and application of integral transforms such as the Laplace, Fourier, Mellin, and Hankel, to name but a few. In the sequence of these transforms in early 90s, Watugala 1 introduced a new integral transforms named the Sumudu transform and further applied it to the solution of ordinary differential equation in control engineering problems. For further detail and properties about Sumudu transforms see 2-7 and many others. Recently Kiliçman et al. applied this transform to solve the system of differential equations; see 8 . The Sumudu transform is defined over the set of the functions
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The existence and the uniqueness were discussed in 9 ; for further details and properties of the Sumudu transform and its derivatives we refer to 2 . In 3 , some fundamental properties of the Sumudu transform were established. In 10 , this new transform was applied to the one-dimensional neutron transport equation. In fact, one can easily show that there is a strong relationship between double Sumudu and double Laplace transforms; see 9 . Further in 6 , the Sumudu transform was extended to the distributions and some of their properties were also studied in 11 . The function f t so involved is usually continuous and continuously differentiable. Suppose that the function is continuous but its fractional derivative exists of order α, 0 < α < 1, but no derivative, and then 1.2 fails to apply. Thus we have to introduce a new definition of Sumudu transform. For the convenience of the reader, firstly we will give a brief background on the definition of the fractional derivative and basic notations for more details see 12-14 and 15 . Then the fractional difference of order α, 0 < α < 1 of f t is defined by the expression
Fractional Derivative via Fractional Difference
and its fractional derivative of order α is defined by the limit
See the details in 13 .
Modified Fractional Riemann-Liouville Derivative
Jumarie proposed an alternative way to the Riemann-Liouville definition of the fractional derivative; see 13 . i Assume that f t is a constant K. Then its fractional derivative of order α is
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ii When f t is not a constant, then we will set
and its fractional derivative will be defined by the expression
whilst for positive α, we will set
When n ≤ α < n 1, we will set f α t : f α−n t n , n ≤ α < n 1, n ≥ 1.
1.11
We will refer to this fractional derivative as the modified Riemann-Liouville derivative, and it is in order to point out that this definition is strictly equivalent to Definition 1.1, via 1.4 .
Integration with respect to dt α
The integral with respect to dt α is defined as the solution of the fractional differential equation
which is provided by the following results. 
Sumudu Transform of Fractional Order
Definition 2.1. Let f t denote a function which vanishes for negative values of t. Its Sumudu's transform of order α or its fractional Sumudu's transform is defined by the following expression, when it is finite:
Recently Tchuenche and Mbare introduced the double Sumudu transform 16 . Analogously, we define the fractional double Sumudu transform in following way.
Definition 2.2.
Let f x, t denote a function which vanishes for negative values of x and t. Its double Sumudu transform of fractional order or its fractional double Sumudu transform is defined as
where u, v ∈ C, and E α x is the Mittag-Leffler function.
The Laplace-Sumudu Duality of Fractional Order
The following definition was given in 13 . 
Proof. By definition of fractional Sumudu transformation,
2.5
By using the change of variable ut ← t
2.6
Similarly, on using the definition of fractional Sumudu transform, the following operational formulae can easily be obtained:
Proof of (iv) and (v) . Using fractional Laplace-Sumudu duality and using the result of Jumarie see 14 , we can easily obtain these results. Now we will obtain very similar properties for the fractional double Sumudu transform. Since proofs of these properties are straight, due to this reason, we will give only statements of these properties:
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where ∂ α t is the fractional partial derivative of order α 0 < α < 1 see 13 . then
The Convolution Theorem and Complex Inversion Formula
Proof. First recall that the Laplace transform of fractional order of f * g α is given by
Now, by the fractional Laplace-Sumudu duality relation,
3.4
Proposition 3.2. Given Sumudus transforms that one recalls here for convenience: According to fractional Sumudu-Laplace duality, we can easily yield the desired result.
